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Abstiract:

This paper is concerned with the dircct, steady state problem of thermoelasticity. An attempt is made to determing the 1emperature,
displacement and stress functions of a thin rectangular plate occupying the space D: () <x Sq, -b sy <b, with stated boundary conditions. The
finite Marchi-Fasulo integral transform technique has been used to obtain the solution of the problem.
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INTRODUCTION

During recent years, the theory of thermo elasticity has found considerable applications in the solutions of engineering problems. In
modern structures, structural components are mainly modelled as plates, as their differential charactcristics enable engincers to design better and
lighter structures. Hence, the thermo elastic behaviour of rectangular plates is of keen interest in the field of mechanics, civil, acrospace, marine
and automobile engineering,

Tanigawa et al. [1] have studied thermal stress analysis of a rectangular plate and its thermal stress intensity factor for compressive
swess field. Vihak et al. [2] have investigated the solution of the planc thermo clasticity problem for a rectangular domain. Adam et al. [3] have
determined thermo elastic vibration of a laminated rectangular plate subjected to a thermal shock. Ghadle et al. [4] have studied the study of an
inverse steady state thermo clastic problem of a thin rectangular plate. Gaikwad et al. [5] have studicd the quasi-static thermal stresses in a thick
rectangular plate subjected to constant heat supply on extreme cdges where as the initial edges are thermally insulated. Deshmukh. et al. [6]
have studied thermal stresses in a simply supported plate with thermal bending moments. Gaikwad ct al. [7) have smdied three dimensional non-
homogeneous thermo elastic problem in a thick rectangular plate duc to internal heat generation. Thakare et al. [8] studied thermal stresscs of a
thin rectangular plate with internal moving heat source.

In this article, the direct steady siate problem of thermo clasticity of a thin rectangular plate occupying the space
D: 0 <x <a,—b <y b, with stated boundary conditions is considered. On the edge x = 0, the third kind boundary condition is maintained at
h(y), which is a known function of . Also, third kind boundary condition is maintained at F; (x) on the upper surface, and at F,(x) on the
lower surface.
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THE FINITE MARCHI- FASULO INTEGRAL TRANSFORM AND ITS PROPERTY

The Finite Marchi- Fasulo integral transform of £(z),—h < z < h is defined to be

h
Fn)= [ f(2)P,(2)dz

2.1
Then at cach point of (—h, h) at which f () is continuous,
f(z)=2—(ﬂp() 2.2)

where

PL(Z) = Qu CDS(GN Z) —H,u Sin(ax‘-")

0, =a,(a +a,) cos(a,h)+ (B, — B,)sin(a, h)
W, =(B+5,) cos(a,h)+ (e, —a))a, sin(a, /)

A §
= [ p2 1, 2 17, 5in(2a,h) __, 2

p ~_{a (R = Mg, W= G W

The eigen values @ ,, are the solutions of the equation

[e,a, cos(a, k) + B, sin( a,h)]x[ B, cos(a,h)+ a,a, sin(a, h)]

=[a,a, cos(a,h) - B, sin(a, h)]x LB, cos(a,h) - a,a, sin(a, k)] (2.3)

where a;, oz, i, and B, are constants.

The sum ia (2.2) must be taken onn comesponding to the positive roots of the equation (2.3)

Moreover. the integral transform (2.1) has the property:
JZLDp (e - “’)[ﬂf( )+a 5f“’)] -2 "’[ﬂ s+ a, L )] —a?F(n)
==}

8

a=h

FORMULATION OF THE PROBLEM: G()’\"ERNING EQUATION

Consider a thin rectangular plate occupying the space D: 0 < x < a; ~b < yY<bh

The displacement components u,, and U, in the x and y directions respectively are represented in the integral form as ( Tanigawa, Y and
Komatsubara, Y. ; 1997) are

f1(e’v , v

u:=_ﬂ’ (ayl_ axz)+af']dx 3.1
b 2

uy=j{ [—‘;?-— -‘;—?erde (2)

where E, V' and @ are the Young’s modulus of elasticity, Poisson’s ratio and the linear cocfficient of thermal expansion of the material of the
plate respectively and U( x,y) is the Airy's stress function which satisty the differential equation

( ;1 ] U(x,y)= rzE( +-5;,—}T(x, ») (3.3)
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The equation (4.1) is a sevond order differential equation whose solution is given by
. : 1
T (x,n) = Acosh(a,x) + Bsinh(a,x) +-55-—5—F(x) (4.4)
where A and B arc arbitrary constants.
Using (4.2) and (4.3) in (4.4), we obtain the values of 4 and B as,
1
A=
a, cosh(a, :”) —sinh(a, a)
2" (e, —h Db R e o ) +
n n G S
x=a
Y
B 0. F(x) sinh(a_a)+ L4 : F(x) sinh(a, a)
p2_g 2 n dx|p2 _, 2 n
n i n e
x=0 x=0 J
. 1 1
a o a, cosh(a”a) - sinh(a”a) %
J'l‘(ﬂ) cosh{a ”a) - g*(n) + ——i—-——F(x) -
L)Z -a 2
L x=a
< 3
———L——F (x) cosh{a _a)— 2 ] F(x) cosh(a_a)
D?%-a? n dx|p2 _, 2 n
n i P n =i
i x=0 x=0 1
Substituting these values of A and B in (4.4),
T (x,n) =
. 1 d 1 sinh(a,, (x —a))
'}’ (”)-[Dz _auz F(x):l“_o "{:[;[93 = a,,z F(x)]]ﬁj)*[an cosh(ana)«-sinh(a,a)]
hane 1 a,, cosh(a, x)—sinh{a, x) 1
+[g i [D’ -a,? F(x)lm:’x}:a,, eosh(a,,a}~sinh(a,a}:|+ D*-g,} Fx)
(4.5)
Applying inverse finite Marchi- Fasulo integral transform to the equation (4.5), the expression for temperature T'(x, ) becomes
T(x’ﬂ g

a, cosh(a,a) —sinh(a,a)

o e

D*=ga}? A a, cosh(a, a) - sinh(a, a)

)

2 2
=] D —'au

o 1 d 1 ¥ P.(») i sinh(a, (x —a))
2[ |5l ‘”‘J"L‘{E[W”‘”M o ]

(4.6)
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The equation (4.1) is a second order differential equation whose solution is given by

. . 1
T (x,n) = Acosh(a,x) + Bsinh(a,x) + -—l—)z—__a-E—F(x)
where A and B arc arbitrary constants.

Using (4.2) uad (4.3) in (4.4), we obtain the values of 4 and B as,
1
A=

x
a, cush{a” a)— sinh(aﬂa)

g (M, ~h" (n)sinh(e a)~a,, @
: D 1.3 4

1
——F(x)
2 2
[D —-a L
= 5= '

a, cosh(aua) —sinh(a 2% 2

i

h* (n) cosh(ana) -g ¥ (n)+ [

1
F =
-~ (x)J
=a
1 d
{WF(X)} COSh.(d G) {dx[ﬂz
" x=0

Substituting these values of A and B in (4.4),

. 1
P
{ = [D‘ -a,’

: d 1 ;
sinh(a_a) + §——| ————F(x) sinh(a, a)
= n {&[02 _anz H n

(4.4)

+

a

x=0 )

L
F( x)]] cosh(a o a)
X =0

sinh(a, (x —a))

T (x,n)=
d 1
F =1 ol AR
al fals]_H

+[g'(n)—[01ia 5

a, cosh(a,a) ——sinh(a,,a):,

1

F(x) x[a,, cosh(a, x)~ sfnh{a,,x)]+
veq | L9ncosh(a,a)=sinh(a,a) | p?- a,’

F(x)

(4.5)

Applying inverse finite Marchi- Fasulo integral transform to the equation (4.5), the expression for temperature T(x,y) becomes
T(x,y) =

)

f

d 1 £
F (x)] - {—-[———- F [x]]} j’x =
=0 | D* - a4 : =0 .

| sinha, (x~a))
a, cosh(a,a) ~sinh(a,a)

e

F ) B P,(» ol cosh(a, x) ~sinh(a,x)
e Ay a, cosh(a, @)~ Sinhfanaj
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where

b ] ]
S0 = [f ROy b )= [hIB o)y, 4, = [B20)dy
=K -b -b

F.(») = 0, cos(a,y) - W, sin(a, y)

0, =a,(a +a,)cos(a,b)+ (B, = B,)sin(a,b)
W, = (B, + ) cos(a,b) + (@, - a,)a, sin(a,b)
Equation (4.6) is the desired solution of the given problem with
B=8 =1 and a, =k, 0=k,

Substituting the value of T(x,y) from ( 4.6) in ( 3.3
Ulx,y)=

e _14a ! & (}’) sinh(a,, (x - a))
@§[ﬁ (n) - [ -a,,l F(x)JM {dx[D:‘-_aHZ F(x}}}pj a, 4» L” cosh(a,a)—sinh(a,,a)]
RN W P T £,0) [ coshlay ) =sinh(a, 2
ﬂﬂgg[g (HJ [Dz—-a,‘l F(x)]m} a, A." [an cosh(ana)—sj.nh(g”a}]

—aEZ[ F(x)Jx & "2‘2 @7

n=| a,

) » the expression for Airy's stress function Ulxy) is

DETERMINATION OF THE THERMOELASTIC DISPLACEMENT

Substituting the value of U(x, y) from (4.7) in (3.1) and (3.2),
a =

az{ummn s, m}

onc abtains the thermoelastic displacement functions uy and uy as

wal a,i ﬂ'.‘in
“(n)y- ] 0% 5.1 L] AT | — cosh( a,a)
: [h (n) [D3 -a° F(x)]m {a& [Dz Spg F(:)J}m:,[a” e a,a)]
17 O a, sinh( @,0) - cosh( a,a) +1
+ “3 (”j [Dz L Z F{x}]hﬂ}[ a,'coshf ﬂ,ﬂ)—siﬂh{ aﬁd) ]J

F(y)_& (y) f SEEACO N 1
‘a Z‘.{ 7 Jx!ﬂl -, F(.I)dx-t-avZ{-——-—-—a.zA”]x.!-&:z-[—-——w_an F'(x)}h

n=l

(5.0
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uy, =
i 1 4 "
avd i —— (B ()
g{aﬂ,i }
. | d l Sinh@zn (x ‘—a))
h (n) —[‘—'— F (I)} 3 {"‘- [—“——' F (I)]} - ]
. [ D*-g? o | D*~a> o cosh@,a)-sinh@,a) ;
é 1 a, coshg, x) —sinh(g x)
s F n
+[g (n) [Dg _anz (x)]mla" coshﬁ:,,n)—&iuh@!,,ﬂ}]

n h
1 v " 1
+ﬂ§{}:’ :[[ﬂ (.V)+;n—2f7, (J’)]ﬂ'y}x[mn—zf' (XJ]

@ ] 2
- i——[», tyldy}x-“'—-[ Y 3]
Z{ [romy

=1 anz‘ln D’ -4,
¢.2)
DETERMINATION OF STRESS FUNCTIONS

Using (4.7) in (3.10), (3.11) and (3.12), the stress functions are obtained as

O, =

= Sl st ]Pn"fy)[ sinh(a, (x—a))
QEE[‘I (R} [ p“ F(x)]xw {dz [DZ —0'2 F(-“)J} Jan:'l. [a msh(a“ﬂ) smh(a,a)]

a5

reo| B0 g coshia -sinh(a.x)]
-a,’ nﬂJ aﬂlﬂ.,, [_ﬂu cosh(a, a) - sinh(a,a)

n=f

—aEZ[ F(x)foﬂ-l_(’l 6.1)
n=] an n
a,,=

) . ! d 1 B sinh(a, (x - a))
A3 h (n) - Bt [ w Aty -
aﬁ';[ {n) [}j’g " a’!z F(X)]M {dx [D2 -a, ) F(X)]}MJ 4, [a” cosh(a,a) -—sinh(aua)]

- () | a, cosh(a,x) ~sinh(a, x)
aﬁ'g[g (n)~ [ 7 F(x):LaJX i "[ a, cosh(a, a) - sz'nh(a,,a)]

d? & i P,(3)
—ak—- x—=
[Dz —anz th)] a 2.1.

"

(6.2)

VOLUME 4, ISSUE 5, OCT/2017 106

http://iaetsdjaras.org/



TAETSD JOURNAL FOR ADVANCED RESEARCH IN APPLIED SCIENCES

Oy

JPO) [ cosh(a,(x-a))

ISSN (ONLINE); 2394-8442

2

d 1
D’ F(I)]mn i {I{[ Di_g? F (x)HrJ a,i, [a,, cosh(a,a) —sinh(a,a)

e

S it 1 R,*( ) | a, sinh(a, x) - cosh(a, x)
+ (ZE;[S (n) [Dz IE an: F(I)J‘m‘JX a“,l‘ X[an cosh(ana)—sinh(aua]]
d < 1 ,,'(y)

SPECIAL CASE AND NUMERICAL RESULTS

Set g() = (r —b)*(y +8)’e" , h(y)=(¥~b)*(y+b)?, 6=16k +k,), a=2b=1

in (4.6), to obtain

T(x,y) _i 3a, cos? (a,) + (4, ~3)cos(a, )sin(a, )
& g n=]

e

sinh(a, (x=2))
a, cosh(2a,) —sinh(2a,)
The temperature, displacement functions and thermal stresses have been determined of
conditions. The finite Marchi-Fasulo integral transform technique has been used 1o obtain the numerical results.

]Pn ()

a, cosh{a, x) —sinh(a,x)

a, cosh(2a,) —sinh(2a,) :h

}

CONCLUSION

The expression (7.1) is represented graphically, Tt is found that as the value of x increases,
case of special interest can be detived by assigning suilable values to the parameters
displacement and thermal stresses that are obtained can

applications,
o4 : : Gr': h of X Vs. T / 5 : :
012 '\
:, 01 \\
\
e 0.08 - \\
3 \
ém_ X
\
%
0o} \\
oo el i
x\\_‘_h‘ ]
i~ oo e e
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a thin rectangular plate, with the stated boundary

the temperature goes on decreasing, Any particular
and functions in the expression. The temperature,
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